T he accepted th eo ry of percolation o f fluids th ro u g h porous m aterials (which is based on D arcy 's law of resistance) indicates th a t th e velocities can be calculated from a velocity-potential w hich, in tw o-dim ensional m otion, is plane-harm onic w ithin th e fluid field. T he associated stream function, an d th e fluid pressure, are also plane -harm onic, so in cases w here all boundaries are know n th e ir determ in atio n is an ordinary problem in plane-potential theory. B u t in cases where a free surface exists (as in th e percolation of w ater th ro u g h e a rth dam s), its shape is n o t know n a priori, consequently orthodox m ethods can n o t be applied.
1.
Among the problems treated in P art II I of this series (Christopherson and Southwell 1938) was one which by orthodox analysis is quite intractable, -the problem of torsion for a homogeneous prism stressed beyond its elastic limit. Here, while some parts of the material still obey Hooke's law, in other parts (on account of 'yielding' due to overstrain) the shear stress has a constant limiting intensity. W hat makes the problem intractable by orthodox methods is the fact th at the overstrained region cannot be defined a priori, being dependent on the distribution of stress in the parts which remain elastic. By relaxation methods, with their more tentative approach, this difficulty was surmounted easily.
In view of this success with one 'unknown boundary problem' it was natural to look for others in different fields, and a case of some practical importance was found in the theory of fluids percolating through porous Vol. 178. A. (9 M ay 1941) t 1 3 1 material such as sand or peat. This theory, of which the foundations appear to have been laid by Forchheimer (1886) and Boussinesq (1904) ,* is now generally accepted: it involves a potential function ^ which (in twodimensional problems) is plane-harmonic like the velocity-potential of inviscid fluid theory, notwithstanding th a t resistance of the viscous-fluid type is implied in ' Darcy's law ' which is the basis of its governing equations. In many cases (e.g. the peat-drainage problems discussed by Richardson (1908) ) the boundaries of the percolating fluid are known initially and the boundary conditions are of normal kind; but in cases where the percolating fluid has a free surface, e.g. when water leaks through the material of a retaining wall, the form of this surface is determined by the joint actions of gravity and of resistance to percolation, therefore cannot be predicted. Retaining walls have been discussed in recent papers by Davison and Rosenhead (1940) and by Casagrande (1937) : the latter contains an ex tensive bibliography.
2.
Casagrande's paper explains very clearly the essentials of the problem and the nature of the free surface in a retaining wall. His method"}-for determining (j> entails free-hand sketching of stream-lines and of their orthogonals, therefore requires th at the free surface-which is one of the family of stream-lines-be either known a priori, or guessed, or obtained by trial and error. Davison and Rosenhead, by a skilful use of SchwarzChristoffel transformations, escape the necessity of defining free surfaces a priori; but they have not, on the other hand, completely solved the pro blem indicated in figure 1 (which is based on figures 1 and 4 of their paper), except on the assumption of evaporation from the free surface in excess of a specified limit. This problem concerns the leakage of water through a retaining wall having vertical sides B L , C M : the head of water on each side is specified, and leakage under the wall is prevented by an impermeable stratum. If the evaporation is sufficient, the free surface inside the wall tends smoothly to the level on the downstream side; but otherwise it reaches this (vertical) side a t a point ( E) above th at level, and fluid to air drains freely down the wall. Davison and Rosenhead formulate two boundary conditions to be satisfied on a free surface extending from to (figure 1), then proceed to conformal transformation; but what results in the second case is a curve of the type sketched in broken lines, implying not only seepage through the downstream face but also return flow back into the wall. As they remark, only the first of these implications can be accepted: the second is unrealizable, so the total percolation is not given correctly.
3.
Our 'relaxation' treatm ent of this problem, described in § §7-11, focuses attention not on < j) bu t on the 'average pressure p ' (which also is plane-harmonic). No serious difficulty was encountered, since the free surface was found to be stable in the sense th a t an incorrect assumption regarding its shape led to 'out-of-balance forces' which could be liquidated only by amending th a t assumption. As found by computation it joins the upstream face horizontally and the downstream face tangentially (i.e., in this problem, vertically: cf. figure 5 ). These features accord with Casagrande's description (I937> § §E > F)« Relaxation methods applied to engineering problems * 3
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4. Having found the method successful in this instance, we next applied it to a harder example suggested by figure 13 of Casagrande's paper. Here (figure 2) the upstream and downstream faces of the wall are 'b attered', the subsoil (in figure 1 taken as quite impermeable) is assumed to offer the same resistance to percolation as the wall, and a 'blanket' of permeable material (e.g. graded rubble) is provided, in accordance with modern practice, with the aim of preventing erosion due to drainage down the exposed (i.e. downstream) face.
5. In view of the need for brevity it was not considered necessary to include examples which, being straightforward applications of potential theory, present no problem not already considered in P art III (Christopherson and Southwell 1938) . We have, however, treated a case (figure 3) in which 1-2 two distinct strata are involved, having resistances to percolation in the ratio 1: 4. Such cases are confronted in practice, and they entail boundary conditions of somewhat special kind, in th a t the stream-lines are 'refracted' where they cross the common surface of two different strata. In figure 3 this common surface is horizontal: the general case presents no greater difficulty, but would of course entail rather more labour. Evaporation occurring within the retaining wall will modify the boundary condition to be satisfied a t the free surface (cf. § 2); bu t its effect is not likely to be important, and we have not considered it in this paper. W hat m atters is th at we should be able to predict, with reasonable accuracy, the nature of the flow and of the pressures which it induces: our treatm ent focuses atten tion on these pressures from the first. Terzaghi (1933 Terzaghi ( , 1934a first called attention to their importance, and Casagrande stresses the value of a method which will determine them approximately, even a t the cost of several days of labour (1937, §F, d) . Our method, as we believe, can be applied with com plete confidence in its accuracy, and even in inexperienced hands will lead without difficulty to positive results. Slightly modified, it should be capable of dealing with stratified and therefore anisotropic soils (Casagrande 1937, §G).
For brevity, knowledge of Parts II I and V of this series (Christopherson and Southwell 1938; Gandy and Southwell 1940 ) is presumed in the account which follows. On substitution from (iii) in (i) we find that also V2< f > = 0, V2p = 0 in virtue of (ii).
( 2) * Casagrande states (1937, p. 134) : 'The reader m ay be assured th a t this law is valid for th e stu d y of seepage through d a m s/ We shall find it convenient to introduce the symbol z for the vertical co ordinate measured downwards from an origin (A) in the upstream face of the retaining wall at the level of the water surface, as shown in figure 1. Then along A B (since the fluid is sensibly a t rest) we have p/pg = Along A E (the free surface*) and ED (the 'seepage surface')
Along DC (since the fluid is sensibly at rest)
Along the impermeable base BC, v = d<j>jdy = 0, therefore by (1)
(We have assumed in (4) th at p is measured from atmospheric pressure as datum. In the nature of the case, if another datum were chosen we could make a constant addition to p/pg. )
Problem I. Seepage through a retaining wall having vertical sides
7.
We have still to discuss, for this problem, a further condition which must be satisfied at the free surface A E .
By definition, d<j)Jdv = 0 for all points on v denoting the direction of the normal to the curve. Hence, according to (1), we have
s denoting distance from A along the curve A E . Combined with (4) which must also be satisfied on A E , this yields two equivalent conditions as under: 0
l, m denoting the direction-cosines dx dz ds' 05 * Therefore a t A , where p/pg must also satisfy (3), l2 = 1, i.e. the curve A E is horizontal, * Casagrande (1937, § E ) term s th is th e 'line of seepage'.
(7)
and a t E, where (unless this point coincides with D)pjpg must also satisfy (4), l2 = 0, i.e. the curve At both points (since Z 2 + ra2 = 1) Zra will vanish and so (on the curve A E )
We can (initially) make no other assertion about the form of A E , which obviously depends upon the pressure-distribution inside the retaining wall, and would be altered, for example, if the wall included an impermeable obstruction.
8.
We can, on the other hand, see the nature of the double boundary condition by analogy. Let w stand for the plane-harmonic function pfpg, and let it be interpreted as the transverse displacement of a uniformly tensioned membrane (e.g. soap film). Then along DC the value of w is determined by (3) and (5), and it is zero, by (4), a t every point in A E and ED. The form of A E (including the position of E) must satisfy the condit which is derived by integration of the first equation in § 7. Now when w is interpreted as above, dwjdv measures the line-intensity of the pull exerted, in the direction of w, by the membrane on the boundary. We see from (8) th at this line-intensity must be such th a t the pull on any element 8s is proportional to the corresponding element 8x: in other words, the edge A E of the membrane must be held down (so th at 0) by forces having uniform line-intensity with respect to x. The circumstances are like those of a gas-balloon held down during inflation by 'shot-bags'; but with this difference, th a t here the tendency of the membrane to lift comes not directly (from applied pressure) but indirectly by transmission, due to its tension, of the displacements imposed a t its edges A B , DC.
The relaxation method of P art II I was, in point of fact, based on a ' membrane analogue ' of this kind. In effect it replaced the tensioned mem brane by a tensioned net of uniform mesh, and its results hold strictly in respect of this net, therefore are assumed (by an appeal to intuition) to be approximate results for the membrane. Making the assumption, we now deduce a process whereby the form of can be determined within the accuracy permitted by the particular size of mesh. Intuitively it is evident th at the results obtained with any one mesh size will constitute a good starting assumption for 'advance to a finer n e t' (Part III, § 13).
flzip/py) -0 according to the second of (7).
( 8) 9. Suppose in the first place, th at p is zero alon th at we solve the potential problem thus presented. I t can be predicted th at w, since it vanishes along both arms of the angle A K E , will be very small in the region immediately adjacent to this angle; so towards the end K , at any rate, of A K we may expect th a t dwjdv (in this instance will have values less than is required by (7) with I t is certain th a t the boundary must be moved downwards except a t its end A (where the rela tions (7) are already satisfied).
I t is also evident on physical grounds (and can in fact be proved m athe matically) th at depression of any internal point of the membrane will entail depressions everywhere: therefore we can certainly move the boundary downwards so long as the resulting changes in the boundary slopes, assuming w to remain unchanged at all internal nodes, are not so great th a t a t any point the analogue of (dw/dv) ds > dx. Now the ' net analogue ' of 8s is the pull exerted on an element 8s of the boundary by those strings which come to it. If then we accept all consequences of the 'net approximation' (and this is the only logical course), then we can with certainty depress the boundary through some distance, after which we must trace the consequences on w at interior points. These points will also be depressed, reducing the boundary slopes; so now we can depress the boundary further, then recalculate internal values of w, and so on.* 10. Having determined p/pg at all internal points of the chosen net, we can estimate the total 'leakage' (i.e. the quantity flowing in unit time through unit thickness of the retaining w a ll).
By definition, this quantity Q = \udz, when the integral extends over any vertical line drawn from A E On the upstream face ( p/pg) ranges from 0 at the free surface A to p by (3), at B, D denoting the depth of the impermeable base. Consequently if pjpg a t any point be measured as a fraction of D, then where P stands for p/pgD.* A ctually we depress th e b o undary fu rth er th a n is im m ediately justified,
anticipating th e consequent depression of interior points.
to the impermeable base BC,
The integral in (9) is non-dimensional like P ( and z being measured in the same units); so Qi s given by (9) as a fraction of kD, i.e. (of. § 6) as a fraction of the flow per unit time through the unit cube of figure 4, when an excess head D of the fluid is maintained on its left-hand side.
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11. Figure 5 exemplifies these methods as applied with the use of a rectangular net. The depths of water on the two sides of the wall were taken in the ratio 6:1, and (with the object of eliminating decimals) a large and arbitrary value 6000 was given to D ( § 10). Values of (p/pg) could then be attached to nodal points on the two sides of the wall, and relaxation begun.
The condition (6) was satisfied (approximately) along by including one horizontal row of fictitious nodal points immediately below th a t line, as indicated by the point c in figure 5 , and by identifying, for example, the gradient of (plpg) at d with the gradient of its chord be; i.e. by identifying where a (= 250 in figure 5 ) denotes the side of any square mesh. Figure 5 is in fact the last of three successive nets (Part III, § 13) on which Problem I was attacked. Except for the determination of the free surface A E , computation might have been ended earlier: even the coarsest net (with mesh-side four times as great) gave a satisfactory picture of the general flow, and on all three the free surface (as expected) proved to be 'stable' in the sense of § 3. Actually, in the neighbourhood of the boundary, advance was made to two still finer nets: thereby we satisfied ourselves regarding t rapid curvature of A E both a t A and E, whereby the conditions (7) fact satisfied, yet the general shape of the free surface approximates to a line of constant slope.* Contours of constant pressure are shown, but it should, be emphasized th a t no graphical representation can attain to the accuracy of the recorded numbers (which are believed to be correct to 1 in the last digit). The contours are not lines of flow, since the stream-lines cut the 0-lines orthogonally, 0 being related with (p/pg) by (1). I t would of course be a simple m atter to deduce values of 0, and the stream-function fr could then be determined by the methods of P art V (Gandy and Southwell 1940); bu t from a practical standpoint what concerns us is the fluid pressures induced in the retaining wall, so it would seem preferable to concentrate attention on these (as we have done) from the first. The computed 'leakage' Q ( § 10) is 0*729 12. Figure 6 shows, similarly, our accepted solution of this problem. The wall or levee is battered on both sides, and is assumed ( § 4) to be of the same material as the subsoil, which extends down to an impermeable stratum at a depth below ground level equal to the depth of the fluid on the 'upstream ' side. A 'blanket' of coarse rubble (cf. figure 2 ) is assumed to maintain atmospheric pressure along the line A B , and figure 6 shows th a t it is effective in preventing seepage through the wall. The free surface {OA) is such as it would have been impossible to predict, bu t is determined with certainty by our method. The inflexion accords with Casagrande's descrip tion (1937, §F, e) .
Problem III. The same wall resting on a subsoil CONTAINING TWO DIFFERENT STRATA
13.
Here ( figure 7 ) the same depth of subsoil (down to the impermeable stratum) is assumed to contain two distinct strata, separated by a horizontal surface, of which the lower offers four times as much resistance as the upper to percolation. The shape of the retaining wall, and the level of the water on its upstream side, are unaltered: consequently the difference between this problem and the last comes solely from increased resistance to flow in the lower stratum. Mathematically, Problem II I is of interest as exemplifying the 'refraction' which occurs at the common surface of two different materials.
The pressure will be plane-harmonic in each of the two strata, and it will be continuous (i.e. single-valued) a t their common surface; also the velocity across this surface must have the same value on either side. Since the normal velocity is given ( § 6) by we hav-a t a horizontal common surface the condition w standing as in § 8 for pjpg, and suffixes I and II distinguishing values in the two strata. This equation reduces to when, as assumed in § 5, &n = \ k T,
14.
Let the net be so chosen th a t one row of nodal points lies on the common boundary of the two strata. Then a t all points which lie inside either stratum we have the usual relation (Part III, § 8) Za,i{w) -* wo =° as the finite-difference approximation to V2w = 0; but now we require a corresponding relation to be satisfied a t points on the common boundary.
Suppose first th at a row of points lies just within the stratum (I), as indi cated by row G of figure 8 a, and consider the representative point 0. Inside the shaded region w (being plane-harmonic) may be interpreted as transverse
FlGtJBE 8 displacement of a tensioned membrane, and if this membrane extended beyond the common boundary to row D, w would have a t the point numbered 2 a value w2 such th a t w1 + w2 + w3 + wi = 4 (i) in accordance with (12). Similarly in figure 8 6, where row C falls just within the stratum (II), inside the shaded region w is plane-harmonic and may be interpreted as transverse displacement of a tensioned membrane, and if this second membrane extended beyond the common boundary to row B, w would have a t the point numbered 4 a value such th a t wi + w2 + w3 + = 4m> 0, (fi) in accordance with (12). Now let row C, in both d i a g r a m s , coincide exactly with the com boundary. Then, in the mechanical analogue, this boundary becomes the junction of two membranes stretched with different tensions, and so w0,w v w3 have the same significance both in (i) and in (ii); but while in (ii) and w4 in (i) have real significance, the quantities w2 and w'A (interpreted as above) can have other values. By subtraction we obtain from (i) and (ii) w2-w 2 = w^-w'4.
15. We now consider the boundary condition (11) of § 13. I t must hold a t all points of the common boundary, e.g. a t point 0 when this boundary con tains row C; and with neglect of terms of order 3 we can replace 2a Eliminating w4 between (iii) and (v), we obtain 
We started our investigation of Problem I I I by adopting as a trial solution our final results for Problem II, then using (16) to calculate the forces re quiring liquidation. Consequently a t the start (i.e. before further relaxation was attempted) it was only on the common boundary of the two strata th a t the initial forces had sensible magnitudes.
17. Figure 7 records the results of the liquidation process, which presented no new feature or difficulty. Comparing its figures with those of figure 6 , we see th a t the relatively impermeable lower stratum has a sensible effect on the pressure even up to the level of the 'blanket ', bu t th a t the 'hydrostatic ' p art due to gravity (which of course is unaffected) predominates in both cases. On this account, while recording values of pressure, we have plotted contours of the velocity-potential (j), as related with p by (1) with jfer = 1, Jcn = 0*25. These clearly indicate continuity of = dcp/dy associated with discontinuity of u = d<J>/dx, in accordance with the predictions of § 13. T stream-lines, which cut them orthogonally, will evidently pass from one stratum to the other with sudden changes of direction a t the common surface.
The computed 'leakage' Q ( § 10) has the value 0-317&j2) in Problem III, as compared with kxD in Problem II.
of this region it is either zero or positive or is required (at the impermeable stratum) to have zero normal gradient. I t can be shown th a t in consequence d/dv ( p / p g) must be positive or zero a t every point in A E ; and since ( §7) this normal gradient = dxjds, it follows th a t 6 cannot exceed \n . Now on A E ,since this is both a stream-line and a line of constant pressure, the conditions (7) must be satisfied a t every point. Along (which is not required to be a stream-line) we have merely M F ig u be 9 dp . dp cos &-A-+ sm a ~ = 0.
ox dz
Therefore at E, since the velocities and therefore the pressure-gradients must he single-valued, we have 1(1 sin or cos 6 sin (a -= 0, indicating as alternative possibilities either d = ± \n or Q = a + nn {n integral or zero). Since, as we have just seen, 0 ^ d< \n , the second alterna only when a lies between 0 and \n -i.e. when the downstream face has positive batter: in th a t event A E will meet M D tangentially, as in § 7. When a lies between \n and n, i.e. when the downstream face is overhung, only the first alternative is acceptable: then A E is vertical a t its point of intersection with MD. (In the nature of the case 0 < a Ĉ asagrande (1937, Appendix I, § C) and Davison (19366) reach the same conclusions by somewhat different reasoning.
Introduction
The desirability of comparing Born's theory of'the specific heat of crystals (1923) with experimental data and with the results of Debye's theory (1912) has often been emphasized. Blackman's investigations (1935 a, 6, 1937) have already clearly illustrated th at Born's theory is fitted to explain the behaviour of the specific heat at low temperatures; however, the difficulties in calculating the frequency spectrum of a crystal, under assumptions on the forces which approximate the forces in a real crystal more closely than Blackman's models, have so far been the main obstacle in carrying out an actual comparison. [Other calculations for a crystal model have been made by P. Ch. Fine (1939).] Vol. 178. A.
